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Huaxin Lin Department of Mathematics East Introduction to Hilbert



Bounded module maps

Definition 1.1

Let R be a ring. A right R-module M consists of an abelian group (M, +)
and an operation - : R x M — M such that for all r;,s € R and x,y € M,
we have

(x+y)-r=x-r+y-r, (e0.1)
x-(r+s)=x-r+x-r, (e0.2)
(x-(rs) =(x-r)-s, (e0.3)
x-1=x. (e0.4)
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Definition 1.2
Let A be a C*-algebra and H be a linear space with the structure of a
right A-module.
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Definition 1.2
Let A be a C*-algebra and H be a linear space with the structure of a

right A-module. We assume that A\(xa) = (Ax)a = x(Aa) for all x € H,
acAand )\ € C.
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Definition 1.2

Let A be a C*-algebra and H be a linear space with the structure of a

right A-module. We assume that A\(xa) = (Ax)a = x(Aa) for all x € H,
ac€ Aand A € C. An inner product (-,-) : H x H — A'is a map which
has the following properties:
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Definition 1.2

Let A be a C*-algebra and H be a linear space with the structure of a

right A-module. We assume that A\(xa) = (Ax)a = x(Aa) for all x € H,
ac€ Aand A € C. An inner product (-,-) : H x H — A'is a map which
has the following properties:

(1) (x,x) € A4, and (x,x) = 0 if and only if x = 0;
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Definition 1.2

Let A be a C*-algebra and H be a linear space with the structure of a

right A-module. We assume that A\(xa) = (Ax)a = x(Aa) for all x € H,
ac€ Aand A € C. An inner product (-,-) : H x H — A'is a map which
has the following properties:

(1) (x,x) € A4, and (x,x) = 0 if and only if x = 0;

(2) (x,y +z) = (x,y) + (x,z) for all x,y,z € H,
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Definition 1.2

Let A be a C*-algebra and H be a linear space with the structure of a

right A-module. We assume that A\(xa) = (Ax)a = x(Aa) for all x € H,
ac€ Aand A € C. An inner product (-,-) : H x H — A'is a map which
has the following properties:

(1) (x,x) € A4, and (x,x) = 0 if and only if x = 0;

(2) (x,y +z) = (x,y) + (x,z) for all x,y,z € H,

(3) (x,ya) = (x,y)a for all x,y € H and a € A;
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Definition 1.2

Let A be a C*-algebra and H be a linear space with the structure of a

right A-module. We assume that A\(xa) = (Ax)a = x(Aa) for all x € H,
ac€ Aand A € C. An inner product (-,-) : H x H — A'is a map which
has the following properties:

(1) (x,x) € A4, and (x,x) = 0 if and only if x = 0;

(2) (x,y +z) = (x,¥) + (x,z) for all x,y,z € H,;

(3) (x,ya) = (x,y)a for all x,y € H and a € A;

(4) (x,y)* = (y,x) for all x,y € H and a € A.
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Definition 1.2

Let A be a C*-algebra and H be a linear space with the structure of a

right A-module. We assume that A\(xa) = (Ax)a = x(Aa) for all x € H,
ac€ Aand A € C. An inner product (-,-) : H x H — A'is a map which
has the following properties:

(1) (x,x) € A4, and (x,x) = 0 if and only if x = 0;

(2) (x,y +z) = (x,y) + (x,z) for all x,y,z € H,

(3) (x,ya) = (x,y)a for all x,y € H and a € A;

(4) (x,y)* = (y,x) for all x,y € H and a € A.

Define ||x|| = ||(x, x)||*/? for x € H.
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Definition 1.2

Let A be a C*-algebra and H be a linear space with the structure of a

right A-module. We assume that A\(xa) = (Ax)a = x(Aa) for all x € H,
ac€ Aand A € C. An inner product (-,-) : H x H — A'is a map which
has the following properties:

(1) (x,x) € A4, and (x,x) = 0 if and only if x = 0;

(2) (x,y +z) = (x,y) + (x,z) for all x,y,z € H,

(3) (x,ya) = (x,y)a for all x,y € H and a € A;

(4) (x,y)* = (y,x) for all x,y € H and a € A.

Define || x| = ||(x, x)||*/? for x € H. Then H is a normed space.
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Definition 1.2

Let A be a C*-algebra and H be a linear space with the structure of a
right A-module. We assume that A\(xa) = (Ax)a = x(Aa) for all x € H,
ac€ Aand A € C. An inner product (-,-) : H x H — A'is a map which
has the following properties:

(1) (x,x) € A4, and (x,x) = 0 if and only if x = 0;

(2) (x,y +z) = (x,y) + (x, z) for all x,y,z € H;

(3) (x,ya) = (x,y)a for all x,y € H and a € A;

(4) (x,y)* = (y,x) for all x,y € H and a € A.

Define ||x|| = ||(x, x)||*/2 for x € H. Then H is a normed space. We say
H is a Hilbert A-module if H is complete (w.r.t. || - [|).
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Definition 1.2

Let A be a C*-algebra and H be a linear space with the structure of a
right A-module. We assume that A(xa) = (Ax)a = x(Aa) for all x € H,
ac€ Aand A € C. An inner product (-,-) : H x H — A'is a map which
has the following properties:

(1) (x,x) € A4, and (x,x) = 0 if and only if x = 0;

(2) (x,y +z) = (x,y) + (x, z) for all x,y,z € H;

(3) (x,ya) = (x,y)afor all x,y € H and a € A;

(4) (x,y)* = (y,x) for all x,y € H and a € A.

Define ||x|| = ||(x, x)||*/2 for x € H. Then H is a normed space. We say
H is a Hilbert A-module if H is complete (w.r.t. || - [|).

We will omit the word “right” in the rest of these lecture notes.

The closure of the span of {(x,y) : x,y € H} is called the support of H.
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H is a Hilbert A-module if H is complete (w.r.t. || - [|).

We will omit the word “right” in the rest of these lecture notes.

The closure of the span of {(x,y) : x,y € H} is called the support of H.
A Hilbert A-module is said to be full if the support of H is not contained
in any closed proper ideal of A.
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Let A be a C*-algebra and H be a linear space with the structure of a
right A-module. We assume that A(xa) = (Ax)a = x(Aa) for all x € H,
ac€ Aand A € C. An inner product (-,-) : H x H — A'is a map which
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Let A be a C*-algebra and H be a linear space with the structure of a
right A-module. We assume that A(xa) = (Ax)a = x(Aa) for all x € H,
ac€ Aand A € C. An inner product (-,-) : H x H — A'is a map which
has the following properties:

(1) (x,x) € A4, and (x,x) = 0 if and only if x = 0;
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H is a Hilbert A-module if H is complete (w.r.t. || - [|).

We will omit the word “right” in the rest of these lecture notes.

The closure of the span of {(x,y) : x,y € H} is called the support of H.
A Hilbert A-module is said to be full if the support of H is not contained
in any closed proper ideal of A.

A Hilbert module H is countably generated if there exists a countable set
{xn} C H such that {x,} generates H as a Hilbert A-module
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Definition 1.2

Let A be a C*-algebra and H be a linear space with the structure of a
right A-module. We assume that A(xa) = (Ax)a = x(Aa) for all x € H,
ac€ Aand A € C. An inner product (-,-) : H x H — A'is a map which
has the following properties:

(1) (x,x) € A4, and (x,x) = 0 if and only if x = 0;

(2) (x,y +z) = (x,y) + (x, z) for all x,y,z € H;

(3) (x,ya) = (x,y)afor all x,y € H and a € A;

(4) (x,y)* = (y,x) for all x,y € H and a € A.

Define ||x|| = ||(x, x)||*/2 for x € H. Then H is a normed space. We say
H is a Hilbert A-module if H is complete (w.r.t. || - [|).

We will omit the word “right” in the rest of these lecture notes.

The closure of the span of {(x,y) : x,y € H} is called the support of H.
A Hilbert A-module is said to be full if the support of H is not contained
in any closed proper ideal of A.

A Hilbert module H is countably generated if there exists a countable set
{xn} C H such that {x,} generates H as a Hilbert A-module (i.e., H is
the smallest Hilbert A-module containing {x,}).
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Example 1.3

Let A be a C*-algebra and R is a closed right ideal of A. Then R is a
Hilbert A-module ((a, b) = a*b).

o & = E DA
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Example 1.3

Let A be a C*-algebra and R is a closed right ideal of A. Then R is a
Hilbert A-module ({a, b) = a*b). In particular, A itself is a Hilbert
A-module.
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Example 1.3

Let A be a C*-algebra and R is a closed right ideal of A. Then R is a
Hilbert A-module ({a, b) = a*b). In particular, A itself is a Hilbert
A-module.

Definition 1.4
Let X and Y be Hilbert A-modules.

Huaxin Lin Department of Mathematics East Introduction to Hilbert C*-modules 4 /40



Example 1.3

Let A be a C*-algebra and R is a closed right ideal of A. Then R is a
Hilbert A-module ({a, b) = a*b). In particular, A itself is a Hilbert
A-module.

Definition 1.4
Let X and Y be Hilbert A-modules. A bounded module map 7 : X — Y
is a module map which is also a bounded linear map from X to Y.
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Example 1.3

Let A be a C*-algebra and R is a closed right ideal of A. Then R is a
Hilbert A-module ({a, b) = a*b). In particular, A itself is a Hilbert
A-module.

Definition 1.4

Let X and Y be Hilbert A-modules. A bounded module map 7 : X — Y

is a module map which is also a bounded linear map from X to Y.
If H is a Hilbert A-module,
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Example 1.3

Let A be a C*-algebra and R is a closed right ideal of A. Then R is a
Hilbert A-module ({a, b) = a*b). In particular, A itself is a Hilbert
A-module.

Definition 1.4

Let X and Y be Hilbert A-modules. A bounded module map 7 : X — Y
is a module map which is also a bounded linear map from X to Y.

If H is a Hilbert A-module, denote by H* the set of all bounded A-module
map from H to A.
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Example 1.3

Let A be a C*-algebra and R is a closed right ideal of A. Then R is a
Hilbert A-module ({a, b) = a*b). In particular, A itself is a Hilbert
A-module.

Definition 1.4

Let X and Y be Hilbert A-modules. A bounded module map 7 : X — Y
is a module map which is also a bounded linear map from X to Y.

If H is a Hilbert A-module, denote by H* the set of all bounded A-module
map from H to A.

Each h € H gives a map h: H — A by h(x) = (h, x) for all x € H.
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Example 1.3

Let A be a C*-algebra and R is a closed right ideal of A. Then R is a
Hilbert A-module ({a, b) = a*b). In particular, A itself is a Hilbert
A-module.

Definition 1.4

Let X and Y be Hilbert A-modules. A bounded module map 7 : X — Y
is a module map which is also a bounded linear map from X to Y.

If H is a Hilbert A-module, denote by H* the set of all bounded A-module
map from H to A.

Each h € H gives a map h: H — A by h(x) = (h, x) for all x € H.

Denote by H = {h: h € H}.
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Example 1.3

Let A be a C*-algebra and R is a closed right ideal of A. Then R is a
Hilbert A-module ({a, b) = a*b). In particular, A itself is a Hilbert
A-module.

Definition 1.4

Let X and Y be Hilbert A-modules. A bounded module map 7 : X — Y
is a module map which is also a bounded linear map from X to Y.

If H is a Hilbert A-module, denote by H* the set of all bounded A-module
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Each h € H gives a map h: H — A by h(x) = (h, x) for all x € H.

Denote by A = {h: he H}. We say H is self-dual, if H = H*.

Huaxin Lin Department of Mathematics East Introduction to Hilbert C*-modules 4 /40



Example 1.3

Let A be a C*-algebra and R is a closed right ideal of A. Then R is a
Hilbert A-module ({a, b) = a*b). In particular, A itself is a Hilbert
A-module.

Definition 1.4

Let X and Y be Hilbert A-modules. A bounded module map 7 : X — Y
is a module map which is also a bounded linear map from X to Y.

If H is a Hilbert A-module, denote by H* the set of all bounded A-module
map from H to A.

Each h € H gives a map h: H — A by h(x) = (h, x) for all x € H.

Denote by A = {h: he H}. We say H is self-dual, if H = H*.

Ht is a right A-module with ¢ - a(x) = a*¢(x) for all x € H and a € A.

v
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Definition 1.5

Let Hi, Ha be Hilbert A-modules. Denote by B(Hi, H»)) the space of all
bounded A-module maps from H; to H,. Set B(H) = B(Hi, Ho) if

Hi = Ho.
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Definition 1.5

Let Hi, Ha be Hilbert A-modules. Denote by B(Hi, H»)) the space of all
bounded A-module maps from H; to H,. Set B(H) = B(Hi, Ho) if

Hy = H.

Denote by L(H1, H») the subspace of all T € B(Hi, H)
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Definition 1.5

Let Hi, Ha be Hilbert A-modules. Denote by B(Hi, H»)) the space of all
bounded A-module maps from H; to H,. Set B(H) = B(Hi, Ho) if

Hy = H>.

Denote by L(Hi, H») the subspace of all T € B(Hi, H2) such that there
is T*: Hy — Hj such that (Tx,y) = (x, T*y) for all x € H; and y € H,.
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Definition 1.5

Let Hi, Ha be Hilbert A-modules. Denote by B(Hi, H»)) the space of all

bounded A-module maps from H; to H,. Set B(H) = B(Hi, Ho) if

Hy = H>.

Denote by L(Hi, H») the subspace of all T € B(Hi, H2) such that there
is T*: Hy — Hj such that (Tx,y) = (x, T*y) for all x € H; and y € H.
Put L(H) = L(Hl, H2) if Hi = Ho.
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Example 1.6
Let A be a C*-algebra
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Example 1.6
Let A be a C*-algebra Denote by
Ha = {{an}:an € A > ", asan converges}.
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Example 1.6

Let A be a C*-algebra Denote by

Ha = {{an}:an € A > ", asan converges}.
Define ({an}, {bn}) = >_p21 apbn.

o F .
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Example 1.6

Let A be a C*-algebra Denote by

Ha = {{an}:an € A > ", asan converges}.

Define ({an}, {bn}) = > o ahbn. One checks that Hya is a Hilbert
A-module.
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Example 1.6

Let A be a C*-algebra Denote by

Ha = {{an}:an € A > ", asan converges}.

Define ({an}, {bn}) = > o ahbn. One checks that Hya is a Hilbert
A-module. We may also write Ha = I2(A).
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Example 1.6

Let A be a C*-algebra Denote by

Ha = {{an}:an € A > 7, atan converges}.

Define ({an}, {bn}) = > o ahbn. One checks that Hya is a Hilbert
A-module. We may also write Ha = I2(A).

Suppose that A is unital.
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Example 1.6

Let A be a C*-algebra Denote by

Ha = {{an}:an € A > 7, atan converges}.

Define ({an}, {bn}) = o2 aibs. One checks that Ha is a Hilbert

n=1¢n

A-module. We may also write Ha = I2(A).

Suppose that A is unital. Let e, = {bx} € Ha such that by = 14 if
k= nand by =0 if k # n.
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Example 1.6

Let A be a C*-algebra Denote by

Ha = {{an}:an € A > 7, atan converges}.

Define ({an}, {bn}) = > o ahbn. One checks that Hya is a Hilbert

A-module. We may also write Ha = I2(A).

Suppose that A is unital. Let e, = {bx} € Ha such that by = 14 if
k=nand by =0 if k # n.
Then {e,} forms an “orthonormal basis”,
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Let A be a C*-algebra Denote by

Ha = {{an}:an € A > 7, atan converges}.

Define ({an}, {bn}) = > o ahbn. One checks that Hya is a Hilbert

A-module. We may also write Ha = I2(A).

Suppose that A is unital. Let e, = {bx} € Ha such that by = 14 if
k=nand by =0 if k # n.

Then {e,} forms an “orthonormal basis”, i.e., for any x € H, there are
ap € Asuch that x =3 72 e, - ap.
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Example 1.6

Let A be a C*-algebra Denote by

Ha = {{an}:an € A > 7, atan converges}.

Define ({an}, {bn}) = > o ahbn. One checks that Hya is a Hilbert

A-module. We may also write Ha = I2(A).

Suppose that A is unital. Let e, = {bx} € Ha such that by = 14 if
k=nand by =0 if k # n.

Then {e,} forms an “orthonormal basis”, i.e., for any x € H, there are
ap € Asuch that x =3 72 e, - ap.

In general, Hyp is not self-dual.
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Example 1.7
Let A be a C*-algebra which contains a sequence of elements {d,} such
that d, > 0, ||dp|| =1, and did; =0 if i # j.
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Example 1.7
Let A be a C*-algebra which contains a sequence of elements {d,} such
that d, > 0, ||dn|| = 1, and didj = 0 if i #j. Then H% # Ha.
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Example 1.7
Let A be a C*-algebra which contains a sequence of elements {d,} such
that d, > 0, ||dn|| = 1, and didj = 0 if i #j. Then H% # Ha.

Define f : Ha — A by f({an}) = Y72 dnan.
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Example 1.7
Let A be a C*-algebra which contains a sequence of elements {d,} such

that d, > 0, ||dn|| = 1, and didj = 0 if i #j. Then H% # Ha.

Define f : Ha — A by f({an}) = Y721 dnan. Note that, for any
m, N € N with m > N,
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Example 1.7
Let A be a C*-algebra which contains a sequence of elements {d,} such

that d, > 0, ||dn|| = 1, and didj = 0 if i #j. Then H% # Ha.

Define f : Ha — A by f({an}) = Y721 dnan. Note that, for any
m, N € N with m > N,

(zm: d,,a,,)*(zm: dnan) = i atd?a, < i ajan — 0 (e0.5)
n=N n=N n=N

n=1

as N — oo.

Huaxin Lin Department of Mathematics East Introduction to Hilbert C*-modules 7 /40



Example 1.7
Let A be a C*-algebra which contains a sequence of elements {d,} such

that d, > 0, ||dn|| = 1, and didj = 0 if i #j. Then H% # Ha.

Define f : Ha — A by f({an}) = Y721 dnan. Note that, for any
m, N € N with m > N,

(Zm: d,,an)*(zm: dnan) = i atd?a, < i ajan — 0 (e0.5)
n=N n=N n=N

n=1

as N — oo. It follows f({an}) € A and f is an A-module map.
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Example 1.7
Let A be a C*-algebra which contains a sequence of elements {d,} such

that d, > 0, ||dn|| = 1, and didj = 0 if i #j. Then H% # Ha.

Define f : Ha — A by f({an}) = Y721 dnan. Note that, for any
m, N € N with m > N,

(zm: d,,a,,)*(zm: dnan) = i atd?a, < i ajan — 0 (e0.5)
n=N n=N n=N n=1

as N — oco. It follows f({an}) € A and f is an A-module map. We also
have

O dnan)* (O dnan) = Y _andia, <> ahap. (e0.6)
n=1 n=1 n=1 n=1
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Example 1.7
Let A be a C*-algebra which contains a sequence of elements {d,} such

that d, > 0, ||dn|| = 1, and didj = 0 if i #j. Then H% # Ha.

Define f : Ha — A by f({an}) = Y721 dnan. Note that, for any
m, N € N with m > N,

(zm: d,,a,,)*(zm: dnan) = i atd?a, < i ajan — 0 (e0.5)
n=N n=N n=N n=1

as N — oco. It follows f({an}) € A and f is an A-module map. We also
have

O dnan)* (O dnan) = Y _andia, <> ahap. (e0.6)
n=1 n=1 n=1 n=1

This implies that ||f]| < 1.
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Example 1.7
Let A be a C*-algebra which contains a sequence of elements {d,} such

that d, > 0, ||dn|| = 1, and didj = 0 if i #j. Then H% # Ha.

Define f : Ha — A by f({an}) = Y721 dnan. Note that, for any
m, N € N with m > N,

(zm: d,,a,,)*(zm: dnan) = z’": atd?a, < i ajan — 0 (e0.5)
n=N n=N n=N

n=1

as N — oco. It follows f({an}) € A and f is an A-module map. We also
have

O dnan)* (O dnan) = Y _andia, <> ahap. (e0.6)
n=1 n=1 n=1 n=1

This implies that ||f|| < 1. So f € Hj.
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On the other hand, if Hy = HE\,
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On the other hand, if Hy = HE\, then there would be an h € Hj such that
f({ak}) = (h,{ak}) for all {ak} € Ha.
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On the other hand, if Hy = HE\, then there would be an h € Hj such that
f({ak}) = (h,{ak}) for all {ax} € Ha. Let x, = {bk}, where by =0 if
k # n.
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On the other hand, if Hy = HE\, then there would be an h € Hj such that
f({ak}) = (h,{ak}) for all {ax} € Ha. Let x, = {bk}, where by =0 if
k # n. Then (h,x,) = d,b, for any b, € A.
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On the other hand, if Hy = HE\, then there would be an h € Hj such that
f({ak}) = (h,{ak}) for all {ax} € Ha. Let x, = {bx}, where by =0 if

k # n. Then (h,x,) = dpb, for any b, € A. Put h, = {yx}, where
Ye=d, 1< k<n jand y, =0, k> n+1.
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On the other hand, if Hy = HE\, then there would be an h € Hj such that
f({ak}) = (h,{ak}) for all {ax} € Ha. Let x, = {bx}, where by =0 if

k # n. Then (h,x,) = dpb, for any b, € A. Put h, = {yx}, where
Ye=dk, 1< k<n and y, =0, k>n+1. On
E,={(a1,a2,.-,3,,0,0,...) 1 a; € A, 1 < j < n}, hlg, = hylg,, n € N.
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On the other hand, if Hy = HE\, then there would be an h € Hj such that
f({ak}) = (h,{ak}) for all {ax} € Ha. Let x, = {bk}, where by =0 if

k # n. Then (h,x,) = dpb, for any b, € A. Put h, = {yx}, where
Ye=dk, 1< k<n and y, =0, k>n+1. On
E,={(a1,a2,.-,3,,0,0,...) 1 a; € A, 1 <j < n}, hlg, = hnlg,, n€N. It
follows that h = {d,}.
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On the other hand, if Hy = HE\, then there would be an h € Hj such that
f({ak}) = (h,{ak}) for all {ax} € Ha. Let x, = {bk}, where by =0 if

k # n. Then (h,x,) = dpb, for any b, € A. Put h, = {yx}, where
Ye=dk, 1< k<n and y, =0, k>n+1. On

E, ={(a1,a2,...,an,0,0,...) 1 aj € A, 1 < j < n}, IA1|En = hA,,|En, neN. It
follows that h = {d,}. However, > °°, d2 does not converge. In other
words, {d,} & Ha.
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On the other hand, if Hy = HE\, then there would be an h € Hj such that
f({ak}) = (h,{ak}) for all {ax} € Ha. Let x, = {bk}, where by =0 if

k # n. Then (h,x,) = dpb, for any b, € A. Put h, = {yx}, where
Ye=dk, 1< k<n and y, =0, k>n+1. On

E, ={(a1,a2,...,an,0,0,...) 1 aj € A, 1 < j < n}, IA1|En = hA,,|En, neN. It
follows that h = {d,}. However, > °°, d2 does not converge. In other
words, {d,} & Ha. Hence f ¢ I/-I:\.
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On the other hand, if Hy = HE\, then there would be an h € Hj such that
f({ak}) = (h,{ak}) for all {ax} € Ha. Let x, = {bk}, where by =0 if

k # n. Then (h,x,) = dpb, for any b, € A. Put h, = {yx}, where
Ye=dk, 1< k<n and y, =0, k>n+1. On

E, ={(a1,a2,...,an,0,0,...) 1 aj € A, 1 < j < n}, IA1|En = hA,,|En, neN. It
follows that h = {d,}. However, > °°, d2 does not converge. In other
words, {d,} & Ha. Hence f ¢ I/-I:\.

Theorem

(Kasparov, 1980) Let A be a C*-algebra and H be a countably generated
Hilbert A-module.
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On the other hand, if Hy = HE\, then there would be an h € Hj such that
f({ak}) = (h,{ak}) for all {ax} € Ha. Let x, = {bk}, where by =0 if

k # n. Then (h,x,) = dpb, for any b, € A. Put h, = {yx}, where
Ye=dk, 1< k<n and y, =0, k>n+1. On

E, ={(a1,a2,...,an,0,0,...) 1 aj € A, 1 < j < n}, IA1|En = hA,,|En, neN. It
follows that h = {d,}. However, > °°, d2 does not converge. In other
words, {d,} & Ha. Hence f ¢ I/-I:\.

Theorem

(Kasparov, 1980) Let A be a C*-algebra and H be a countably generated
Hilbert A-module. Then Ha & H = Hp (as Hilbert A-module).

Huaxin Lin Department of Mathematics East Introduction to Hilbert C*-modules 8 /40



DA



Definition 1.8

If H is a Hilbert A-module and x,y € H, then 0, : H — H defined to be
O,y (2) = x(y,z) for all z € H.

o & = E DA
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Definition 1.8
If H is a Hilbert A-module and x,y € H, then 0, : H — H defined to be
Oy (z) = x(y,z) for all z€ H. Note that 0, € L(H).
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Definition 1.8
If H is a Hilbert A-module and x,y € H, then 0, : H — H defined to be

Oy, (z) = x(y,z) for all z€ H. Note that 0., € L(H). In fcat
G 7 = Gl see
X,y y,x
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Definition 1.8

If His a Hilbert A-module and x,y € H, then 0, , : H — H defined to be
Oy, (z) = x(y,z) for all z€ H. Note that 0., € L(H). In fcat

0%, = 0y x. Denote by K(H) the closure of the linear span of

{0« : x,y € H}.
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Definition 1.8
If His a Hilbert A-module and x,y € H, then 0, , : H — H defined to be

Oy, (z) = x(y,z) for all z€ H. Note that 0., € L(H). In fcat

0%, = 0y x. Denote by K(H) the closure of the linear span of

{0« : x,y € H}.

We also denote by B(H, H*) the space of all bounded A-module maps
from H to H. )
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Definition 1.8
If His a Hilbert A-module and x,y € H, then 0, , : H — H defined to be

Oy, (z) = x(y,z) for all z€ H. Note that 0., € L(H). In fcat

0%, = 0y x. Denote by K(H) the closure of the linear span of

{0« : x,y € H}.

We also denote by B(H, H*) the space of all bounded A-module maps
from H to HE. )

Proposition 1.9
Let H be a Hilbert A-module and x € H.
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If His a Hilbert A-module and x,y € H, then 0, , : H — H defined to be
Oy, (z) = x(y,z) for all z€ H. Note that 0., € L(H). In fcat

0%, = 0y x. Denote by K(H) the closure of the linear span of

{0« : x,y € H}.

We also denote by B(H, H*) the space of all bounded A-module maps
from H to HE. )

Proposition 1.9
Let H be a Hilbert A-module and x € H. Then the Hilbert submodule

x- A (x,x)1/2. A
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Definition 1.8

If His a Hilbert A-module and x,y € H, then 0, , : H — H defined to be
Oy, (z) = x(y,z) for all z€ H. Note that 0., € L(H). In fcat

0%, = 0y x. Denote by K(H) the closure of the linear span of

{0« : x,y € H}.

We also denote by B(H, H*) the space of all bounded A-module maps
from H to HE.

Proposition 1.9
Let H be a Hilbert A-module and x € H. Then the Hilbert submodule
x- A (x,x)1/2. A

Proof.
Let R = (x,x)1/2. A
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Definition 1.8

If His a Hilbert A-module and x,y € H, then 0, , : H — H defined to be
Oy, (z) = x(y,z) for all z€ H. Note that 0., € L(H). In fcat

0%, = 0y x. Denote by K(H) the closure of the linear span of

{0« : x,y € H}.

We also denote by B(H, H*) the space of all bounded A-module maps
from H to HE.

Proposition 1.9
Let H be a Hilbert A-module and x € H. Then the Hilbert submodule
x- A (x,x)1/2. A

Proof.

Let R = (x,x)1/2. A. Define U:x-A— R by U(x-a) = (x,x)/2 . a for
all ae A
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Definition 1.8

If His a Hilbert A-module and x,y € H, then 0, , : H — H defined to be
Oy, (z) = x(y,z) for all z€ H. Note that 0., € L(H). In fcat

0%, = 0y x. Denote by K(H) the closure of the linear span of

{0« : x,y € H}.

We also denote by B(H, H*) the space of all bounded A-module maps
from H to HE.

Proposition 1.9
Let H be a Hilbert A-module and x € H. Then the Hilbert submodule
x- A (x,x)1/2. A

Proof.

Let R = (x,x)1/2. A. Define U:x-A— R by U(x-a) = (x,x)/2 . a for
all a € A. Note that U(y)*U(z) = (y, z) for all y,z € xA.
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Definition 1.8

If His a Hilbert A-module and x,y € H, then 0, , : H — H defined to be
Oy, (z) = x(y,z) for all z€ H. Note that 0., € L(H). In fcat

0%, = 0y x. Denote by K(H) the closure of the linear span of

{0« : x,y € H}.

We also denote by B(H, H*) the space of all bounded A-module maps
from H to HE.

Proposition 1.9
Let H be a Hilbert A-module and x € H. Then the Hilbert submodule
x- A (x,x)1/2. A

Proof.
Let R = (x,x)1/2. A. Define U:x-A— R by U(x-a) = (x,x)/2 . a for
all a € A. Note that U(y)*U(z) = (y, z) for all y,z € xA. O

v
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Proposition 1.10
Let H be a Hilbert A-module and x € H.
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Proposition 1.10
Let H be a Hilbert A-module and x € H. Then, for any 0 < a < 1/2,
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Proposition 1.10

Let H be a Hilbert A-module and x € H. Then, for any 0 < a < 1/2,
there exists y € xA with (y,y)'/? = (x, x)1/2—

such that x =y - (x, x)“.

o & = E DA
Huaxin Lin Department of Mathematics East Introduction to Hilbert C*-modules



Proposition 1.10
Let H be a Hilbert A-module and x € H. Then, for any 0 < ae < 1/2,
there exists y € xA with (y,y)*/? = (x, x)1/2=% such that x = y - (x, x)°.

Proof: Put a = (x,x), a, = (1/n+a) " and x, = x- (1/n+a)~ %,
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Proposition 1.10
Let H be a Hilbert A-module and x € H. Then, for any 0 < ae < 1/2,
there exists y € xA with (y,y)*/? = (x, x)1/2=% such that x = y - (x, x)°.

Proof: Put a = (x,x), a, = (1/n+a) " and x, = x- (1/n+a)~ %,
n € N. We will show that {x,} is Cauchy sequence.
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Proposition 1.10
Let H be a Hilbert A-module and x € H. Then, for any 0 < ae < 1/2,
there exists y € xA with (y,y)*/? = (x, x)1/2=% such that x = y - (x, x)°.

Proof: Put a = (x,x), a, = (1/n+a) " and x, = x- (1/n+a)~ %,
n € N. We will show that {x,} is Cauchy sequence. Put
Bam=(1/n+a)"*—(1/m+a)~* n,meN.
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Proposition 1.10
Let H be a Hilbert A-module and x € H. Then, for any 0 < ae < 1/2,
there exists y € xA with (y,y)*/? = (x, x)1/2=% such that x = y - (x, x)°.

Proof: Put a = (x,x), a, = (1/n+a) " and x, = x- (1/n+a)~ %,
n € N. We will show that {x,} is Cauchy sequence. Put
Bnm=(1/n+a)"*—(1/m+a)~* n,meN. Then

[1XBn,ml|
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Proposition 1.10
Let H be a Hilbert A-module and x € H. Then, for any 0 < ae < 1/2,

(e

there exists y € xA with (y,y)*/? = (x, x)1/2=% such that x = y - (x, x)°.

Proof: Put a = (x,x), a, = (1/n+a) " and x, = x- (1/n+a)~ %,
n € N. We will show that {x,} is Cauchy sequence. Put
Bnm=(1/n+a)"*—(1/m+a)~* n,meN. Then

1XBn,mll = 1(Bam{x, ) Ba,m) 2|
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Proposition 1.10
Let H be a Hilbert A-module and x € H. Then, for any 0 < ae < 1/2,

(e

there exists y € xA with (y,y)*/? = (x, x)1/2=% such that x = y - (x, x)°.

Proof: Put a = (x,x), a, = (1/n+a) " and x, = x- (1/n+a)~ %,
n € N. We will show that {x,} is Cauchy sequence. Put
Bnm=(1/n+a)"*—(1/m+a)~* n,meN. Then

[xBn,mll = ||(/Bn,m<x’x>ﬁn,m)1/2” = ||31/25n,mH

Since a'/?(1/n 4 a)~“ converges to at/>~®,
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Proposition 1.10
Let H be a Hilbert A-module and x € H. Then, for any 0 < ae < 1/2,
there exists y € xA with (y,y)*/? = (x, x)1/2=% such that x = y - (x, x)°.

Proof: Put a = (x,x), a, = (1/n+a) " and x, = x- (1/n+a)~ %,
n € N. We will show that {x,} is Cauchy sequence. Put
Bnm=(1/n+a)"*—(1/m+a)~* n,meN. Then

IXBr,mll = 1(Ba,m(x, %) Ba,m) /21 = 12"/ Bp,m]

Since a'/2(1/n 4 a)~® converges to a'/2~, we conclude that

IxBnml|l — 0 as n,m — oo.
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Proposition 1.10
Let H be a Hilbert A-module and x € H. Then, for any 0 < ae < 1/2,
there exists y € xA with (y,y)*/? = (x, x)1/2=% such that x = y - (x, x)°.

Proof: Put a = (x,x), a, = (1/n+a) " and x, = x- (1/n+a)~ %,
n € N. We will show that {x,} is Cauchy sequence. Put
Bnm=(1/n+a)"*—(1/m+a)~* n,meN. Then

1XBn,ml|l = ||(/Bn7m<x’x>5n,m)1/2” = ||31/25n,m“

Since a'/2(1/n 4 a)~® converges to a'/2~, we conclude that

|xBn,ml|l — 0 as n,m — oco. It follows that x, — y, for some y, € H.
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Proposition 1.10
Let H be a Hilbert A-module and x € H. Then, for any 0 < ae < 1/2,
there exists y € xA with (y,y)*/? = (x, x)1/2=% such that x = y - (x, x)°.

Proof: Put a = (x,x), a, = (1/n+a) " and x, = x- (1/n+a)~ %,
n € N. We will show that {x,} is Cauchy sequence. Put
Bnm=(1/n+a)"*—(1/m+a)~* n,meN. Then

[xBn,mll = ||(/Bn7m<x7x>5n,m)1/2” = “31/2/8n,m’|
Since a'/2(1/n 4 a)~® converges to a'/2~, we conclude that

|xBn,ml|l — 0 as n,m — oco. It follows that x, — y, for some y, € H.
Hence xp(x, x)* — ya (X, x)2.
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Proposition 1.10
Let H be a Hilbert A-module and x € H. Then, for any 0 < ae < 1/2,
there exists y € xA with (y,y)*/? = (x, x)1/2=% such that x = y - (x, x)°.

Proof: Put a = (x,x), a, = (1/n+a) " and x, = x- (1/n+a)~ %,
n € N. We will show that {x,} is Cauchy sequence. Put
Bnm=(1/n+a)"*—(1/m+a)~* n,meN. Then

1XBn,ml|l = ||(/Bn7m<x7x>5n,m)1/2” = “31/2/8n,mH

Since a'/2(1/n 4 a)~® converges to a'/2~, we conclude that

|xBn.ml — 0 as n,m — oco. It follows that x, — y, for some y, € H.
Hence x,(x, x)® — ya(x,x)®. Moreover,
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Proposition 1.10
Let H be a Hilbert A-module and x € H. Then, for any 0 < ae < 1/2,
there exists y € xA with (y,y)*/? = (x, x)1/2=% such that x = y - (x, x)°.

Proof: Put a = (x,x), a, = (1/n+a) " and x, = x- (1/n+a)~ %,
n € N. We will show that {x,} is Cauchy sequence. Put
Bnm=(1/n+a)"*—(1/m+a)~* n,meN. Then

1XBn,ml|l = ||(/6n7m<x’x>5n,m)1/2” = H31/2IBn,mH

Since a'/2(1/n 4 a)~® converges to a'/2~, we conclude that

|xBn,ml|l — 0 as n,m — oco. It follows that x, — y, for some y, € H.
Hence xp(x, x)* — ya(x,x)®*. Moreover,

<Ya7}/a>1/2 = limp_ 00 31/23n — gl/2—o

Similarly, limy o [x — xana®| = limy-co []a*/2(1 ~ 2a*)]| = 0.
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Proposition 1.10
Let H be a Hilbert A-module and x € H. Then, for any 0 < ae < 1/2,
there exists y € xA with (y,y)*/? = (x, x)1/2=% such that x = y - (x, x)°.

Proof: Put a = (x,x), a, = (1/n+a) " and x, = x- (1/n+a)~ %,
n € N. We will show that {x,} is Cauchy sequence. Put
Bnm=(1/n+a)"*—(1/m+a)~* n,meN. Then

1XBn,ml|l = ||(/6n7m<x’x>5n,m)1/2” = H31/2IBn,mH

Since a'/2(1/n 4 a)~® converges to a'/2~, we conclude that

|xBn,ml|l — 0 as n,m — oco. It follows that x, — y, for some y, € H.
Hence xp(x, x)* — ya(x,x)®*. Moreover,

()’omy(x>1/2 =lim, 00 31/23n = al/?e,

Similarly, lim,_ o0 [|X — xa,a®|| = lim, 00 |a/?(1 — apa®)|| = 0. Since
Xpa® = xapa“,
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Proposition 1.10
Let H be a Hilbert A-module and x € H. Then, for any 0 < ao < 1/2,
there exists y € xA with (y,y)'/? = (x, x)1/2—

(e

such that x =y - (x, x)“.

Proof: Put a = (x,x), a, = (1/n+a) " and x, = x- (1/n+a)~ %,
n € N. We will show that {x,} is Cauchy sequence. Put
Bnm=(1/n+a)"*—(1/m+a)~* n,meN. Then

1XBn,ml|l = ||(/6n7m<x’x>5n,m)1/2” = H31/2IBn,mH

Since a'/2(1/n 4 a)~® converges to a'/2~, we conclude that

|xBn,ml|l — 0 as n,m — oco. It follows that x, — y, for some y, € H.
Hence xp(x, x)* — ya(x,x)®*. Moreover,

()’ozv}/oc)l/z =lim, 00 31/23n = al/?e,

Similarly, lim,_ o0 [|X — xa,a®|| = lim, 00 |a/?(1 — apa®)|| = 0. Since
Xpa® = xapa®, we obtain that lim,_ o x,a% = x.
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Let H be a Hilbert A-module and x € H. Then, for any 0 < ao < 1/2,
there exists y € xA with (y,y)*/? = (x, x)1/2=% such that x = y - (x, x)°.

Proof: Put a = (x,x), a, = (1/n+a) " and x, = x- (1/n+a)~ %,
n € N. We will show that {x,} is Cauchy sequence. Put
Bnm=(1/n+a)"*—(1/m+a)~* n,meN. Then

1XBn,ml|l = ||(/6n7m<x’x>5n,m)1/2” = H31/2IBn,mH

Since a'/2(1/n 4 a)~® converges to a'/2~, we conclude that

|xBn,ml|l — 0 as n,m — oco. It follows that x, — y, for some y, € H.
Hence xp(x, x)* — ya(x,x)®*. Moreover,

()’ozv}/oc)l/z =lim, 00 31/23n = al/?e,

Similarly, lim,_ o0 [|X — xa,a®|| = lim, 00 |a/?(1 — apa®)|| = 0. Since
Xpa® = xapa®, we obtain that lim,_ ., x,a%* = x. It follows that

X = Yo (x, x)%.
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Proposition 1.10
Let H be a Hilbert A-module and x € H. Then, for any 0 < ao < 1/2,
there exists y € xA with (y,y)*/? = (x, x)1/2=% such that x = y - (x, x)°.

Proof: Put a = (x,x), a, = (1/n+a) " and x, = x- (1/n+a)~ %,
n € N. We will show that {x,} is Cauchy sequence. Put
Bnm=(1/n+a)"*—(1/m+a)~* n,meN. Then

1XBn,ml|l = ||(/6n7m<x’x>5n,m)1/2” = H31/2IBn,mH

Since a'/2(1/n 4 a)~® converges to a'/2~, we conclude that

|xBn,ml|l — 0 as n,m — oco. It follows that x, — y, for some y, € H.
Hence xp(x, x)* — ya(x,x)®*. Moreover,

()’ozv}/oc)l/z =lim, 00 31/23n = al/?e,

Similarly, lim,_ o0 [|X — xa,a®|| = lim, 00 |a/?(1 — apa®)|| = 0. Since
Xpa® = xapa®, we obtain that lim,_ ., x,a%* = x. It follows that

X = Ya(x,x)*. Choose a < o < 1/2.
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Proposition 1.10
Let H be a Hilbert A-module and x € H. Then, for any 0 < ao < 1/2,
there exists y € xA with (y,y)'/? = (x, x)1/2—

(e

such that x =y - (x, x)“.

Proof: Put a = (x,x), a, = (1/n+a) " and x, = x- (1/n+a)~ %,
n € N. We will show that {x,} is Cauchy sequence. Put
Bnm=(1/n+a)"*—(1/m+a)~* n,meN. Then

1XBn,ml|l = ||(/6n7m<x’x>5n,m)1/2” = H31/2IBn,mH

Since a'/2(1/n 4 a)~® converges to a'/2~, we conclude that

|xBn,ml|l — 0 as n,m — oco. It follows that x, — y, for some y, € H.
Hence xp(x, x)* — ya(x,x)®*. Moreover,

()’ozv}/oc)l/z =lim, 00 31/23n = al/?e,

Similarly, lim,_ o0 [|X — xa,a®|| = lim, 00 |a/?(1 — apa®)|| = 0. Since
Xpa® = xapa®, we obtain that lim,_ ., x,a%* = x. It follows that

X = Ya(x,x)*. Choose a < o/ <1/2. Since

limp_yoo X(1/n+ a)~® 2%~
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Lemma 1.11
Let A be a C*-algebra and H be a Hilbert A-module.
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Let A be a C*-algebra and H be a Hilbert A-module. Suppose that
x,y € H.
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Lemma 1.11
Let A be a C*-algebra and H be a Hilbert A-module. Suppose that

x,y € H. Then

XYY (%, y) < X1y, y)- (e0.7)

Proof: For any 1/3 < a < 1/2,
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x,y € H. Then

XYY (%, y) < X1y, y)- (e0.7)

Proof: For any 1/3 < a <1/2, by Lemma 1.10, write y = £(y, y)® with
(€6 = (y.y)' >
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Lemma 1.11
Let A be a C*-algebra and H be a Hilbert A-module. Suppose that
x,y € H. Then

XYY (%, y) < X1y, y)- (e0.7)

Proof: For any 1/3 < a <1/2, by Lemma 1.10, write y = £(y, y)® with
(€,€) = (y,y)* 2. It follows that

(), y) = () E X Gy, )™ < IIEIPIXI*y. )% (0.8)

Let o ' 1/2. Note that ||{y,y)} 2| = 1las a /1.
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Definition
Let C be a C*-algebra.
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Let C be a C*-algebra. Denote by M(C) the multiplier algebra of C. It is
the idealizer of C in C**.
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Let C be a C*-algebra. Denote by M(C) the multiplier algebra of C. It is
the idealizer of C in C**.

Let LM(C) ={x € C* :xc € C for all c e C},
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Let C be a C*-algebra. Denote by M(C) the multiplier algebra of C. It is
the idealizer of C in C**.

Let LM(C) ={x € C* : xc € C for all c € C}, the left multiplier
algebras of C,

RM(C) ={xe€ C*:cx € C for all c € C}, the right multiplier
algebras of C,

QM(C)={xe€ C*:axbe C for all a,b € C},
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the idealizer of C in C**.
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algebras of C,

RM(C) ={xe€ C*:cx € C for all c € C}, the right multiplier

algebras of C,
QM(C)={xe€ C* :axbe C for all a,be C}, the quasi-multipliers of
C
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the idealizer of C in C**.

Let LM(C) ={x € C* : xc € C for all c € C}, the left multiplier
algebras of C,

RM(C) ={xe€ C*:cx € C for all c € C}, the right multiplier
algebras of C,

QM(C)={xe€ C* :axbe C for all a,be C}, the quasi-multipliers of
C

v

Theorem

( Kasparov, 1980). There is an isometric isomorphism from L(H) onto
M(K(H)).
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Lemma 1.12
Let x € H. Then x(x, x)ﬂ" — x innorm if0 < 8, <1 and 8, — 0,
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Lemma 1.12
Let x € H. Then x{(x,x)’ — x in norm if0 < 3, <1 and 8, — 0, and
x((x, x)({x,x) +1/n)~t = x in norm,

Huaxin Lin Department of Mathematics East Introduction to Hilbert C*-modules



Lemma 1.12
Let x € H. Then x{(x,x)’ — x in norm if0 < 3, <1 and 8, — 0, and
x((x, x)({x,x) +1/n)~t = x in norm, as n — oo.
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Lemma 1.12
Let x € H. Then x{(x,x)’ — x in norm if0 < 3, <1 and 8, — 0, and
x((x, x)({x,x) +1/n)~t = x in norm, as n — oo.

Proof Put a = (x, x).
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Lemma 1.12

Let x € H. Then x{(x,x)’ — x in norm if0 < 3, <1 and 8, — 0, and
x((x, x)({x,x) +1/n)~t = x in norm, as n — oo.

Proof Put a = (x,x). Then

(x — xa’ x — xaPn)

o F = = Qe
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Lemma 1.12
Let x € H. Then x{(x,x)% — x in norm if0 < 3, <1 and 8, — 0, and
x((x, x)({x,x) +1/n)~t = x in norm, as n — oo.

Proof Put a = (x,x). Then

(x —xa x — xaPr) = (1 —a%)(x,x)(1 - a’)
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Lemma 1.12
Let x € H. Then x{(x,x)% — x in norm if0 < 3, <1 and 8, — 0, and
x((x, x)({x,x) +1/n)~t = x in norm, as n — oo.

Proof Put a = (x,x). Then

(x —xa’ x — xaP") = (1 - a%)(x,x)(1 - a%) = (1 — a*/")a = 0.
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Lemma 1.12
Let x € H. Then x{(x,x)% — x in norm if0 < 3, <1 and 8, — 0, and
x((x, x)({x,x) +1/n)~t = x in norm, as n — oo.

Proof Put a = (x,x). Then
(x —xa’ x — xaP") = (1 - a%)(x,x)(1 - a%) = (1 — a*/")a = 0.

It follows that x(x, x)#" — x in norm.
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Lemma 1.12
Let x € H. Then x{(x,x)% — x in norm if0 < 3, <1 and 8, — 0, and
x((x, x)({x,x) +1/n)~t = x in norm, as n — oo.

Proof Put a = (x,x). Then
(x —xa’ x — xaP") = (1 - a%)(x,x)(1 - a%) = (1 — a*/")a = 0.
It follows that x(x, x)# — x in norm. Moreover

Ix — xa(a +1/n) 7|2
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Lemma 1.12
Let x € H. Then x{(x,x)% — x in norm if0 < 3, <1 and 8, — 0, and
x((x, x)({x,x) +1/n)~t = x in norm, as n — oo.

Proof Put a = (x,x). Then
(x — xaP x — xa") = (1 —a")(x,x)(1 — a’") = (1 —a**)a— 0.
It follows that x(x, x)# — x in norm. Moreover

Ix — xa(a+1/n)""|* = |la(1 — a(a+1/n)"")?| (e0.9)
= ||(a*/% = a*Y2(a+1/n) 12| — 0. (€0.10)
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Theorem 1.13 (L-1991)
Let A be a C*-algebra and H be a Hilbert A-module.
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Theorem 1.13 (L-1991)
Let A be a C*-algebra and H be a Hilbert A-module. Then there exists
an isometric isomorphism ¢ : B(H) — LM(K(H))
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the isomorphism given by Kasparov.
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Let A be a C*-algebra and H be a Hilbert A-module. Then there exists
an isometric isomorphism ® : B(H) — LM(K(H)) such that ®|k(ny) is
the isomorphism given by Kasparov.

Proof For T € B(H),
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Let A be a C*-algebra and H be a Hilbert A-module. Then there exists
an isometric isomorphism ® : B(H) — LM(K(H)) such that ®|k(ny) is
the isomorphism given by Kasparov.

Proof For T € B(H), define ®(T) by

O(T)(k) =T -k for all k € K(H).
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Theorem 1.13 (L-1991)

Let A be a C*-algebra and H be a Hilbert A-module. Then there exists
an isometric isomorphism ® : B(H) — LM(K(H)) such that ®|k(ny) is
the isomorphism given by Kasparov.

Proof For T € B(H), define ®(T) by
®(T)(k)=T -k for all k € K(H).

It is easy to see that @ is a linear map from B(H) to LM(K(H)) with
@ <1.
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the isomorphism given by Kasparov.

Proof For T € B(H), define ®(T) by
®(T)(k)=T -k for all k € K(H).

It is easy to see that @ is a linear map from B(H) to LM(K(H)) with
|®|| <1. If T,S € B(H), for any k € K(H),

(P(T)P(S))(k) = D(T)(Sk) = TSk = ¢(TS)k.

Huaxin Lin Department of Mathematics East Introduction to Hilbert C*-modules 14 / 40



Theorem 1.13 (L-1991)

Let A be a C*-algebra and H be a Hilbert A-module. Then there exists
an isometric isomorphism ® : B(H) — LM(K(H)) such that ®|k(ny) is
the isomorphism given by Kasparov.

Proof For T € B(H), define ®(T) by
®(T)(k)=T -k for all k € K(H).

It is easy to see that @ is a linear map from B(H) to LM(K(H)) with
|®|| <1. If T,S € B(H), for any k € K(H),

(P(T)P(S))(k) = D(T)(Sk) = TSk = ¢(TS)k.

Hence ® is a homomorphism.

Huaxin Lin Department of Mathematics East Introduction to Hilbert C*-modules 14 / 40



Theorem 1.13 (L-1991)

Let A be a C*-algebra and H be a Hilbert A-module. Then there exists
an isometric isomorphism ® : B(H) — LM(K(H)) such that ®|k(ny) is
the isomorphism given by Kasparov.

Proof For T € B(H), define ®(T) by
®(T)(k)=T -k for all k € K(H).
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|®|| <1. If T,S € B(H), for any k € K(H),

(P(T)P(S))(k) = D(T)(Sk) = TSk = ¢(TS)k.

Hence ¢ is a homomorphism. Since ®(T)(0x ) = b7, for all
x,y € H,

Huaxin Lin Department of Mathematics East Introduction to Hilbert C*-modules 14 / 40



Theorem 1.13 (L-1991)

Let A be a C*-algebra and H be a Hilbert A-module. Then there exists
an isometric isomorphism ® : B(H) — LM(K(H)) such that ®|k(ny) is
the isomorphism given by Kasparov.

Proof For T € B(H), define ®(T) by
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It is easy to see that @ is a linear map from B(H) to LM(K(H)) with
|®|| <1. If T,S € B(H), for any k € K(H),

(P(T)P(S))(k) = D(T)(Sk) = TSk = ¢(TS)k.

Hence ¢ is a homomorphism. Since ®(T)(0x ) = b7, for all
x,y € H, if xe H,

1O(T)(Ox, 1)l = 07| = 1| TII2.
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Theorem 1.13 (L-1991)

Let A be a C*-algebra and H be a Hilbert A-module. Then there exists
an isometric isomorphism ® : B(H) — LM(K(H)) such that ®|k(ny) is
the isomorphism given by Kasparov.

Proof For T € B(H), define ®(T) by
®(T)(k)=T -k for all k € K(H).

It is easy to see that @ is a linear map from B(H) to LM(K(H)) with
|®|| <1. If T,S € B(H), for any k € K(H),

(P(T)P(S))(k) = D(T)(Sk) = TSk = ¢(TS)k.

Hence ¢ is a homomorphism. Since ®(T)(0x ) = b7, for all
x,y € H, if xe H,

1O(T)(Ox, )l = 107l = [ TII.
Since HQX,TX” = H<X7X>1/2<TX7 TX>1/2H7
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Theorem 1.13 (L-1991)

Let A be a C*-algebra and H be a Hilbert A-module. Then there exists
an isometric isomorphism ® : B(H) — LM(K(H)) such that ®|k(ny) is
the isomorphism given by Kasparov.

Proof For T € B(H), define ®(T) by
®(T)(k)=T -k for all k € K(H).

It is easy to see that @ is a linear map from B(H) to LM(K(H)) with
|®|| <1. If T,S € B(H), for any k € K(H),

(P(T)P(S))(k) = O(T)(Sk) = TSk = ¢(TS)k.
Hence ¢ is a homomorphism. Since ®(T)(0x ) = b7, for all
x,y € H, if xeH,
1O(T)(Ox, )| = 107l = [ ],

Since [|0x. 7l = [[(x, x)Y/2(Tx, Tx)*/?||, we conclude that
[e(M) =T
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Theorem 1.13 (L-1991)

Let A be a C*-algebra and H be a Hilbert A-module. Then there exists
an isometric isomorphism ® : B(H) — LM(K(H)) such that ®|k(ny) is
the isomorphism given by Kasparov.

Proof For T € B(H), define ®(T) by
®(T)(k)=T -k for all k € K(H).

It is easy to see that @ is a linear map from B(H) to LM(K(H)) with
|®|| <1. If T,S € B(H), for any k € K(H),

(P(T)P(S))(k) = D(T)(Sk) = TSk = ¢(TS)k.

Hence ¢ is a homomorphism. Since ®(T)(0x ) = b7, for all
x,y € H, if xe H,

1O(T)(Ox, 1)l = 07| = 1| TII2.

Since [|0x. 7l = [[(x, x)Y/2(Tx, Tx)*/?||, we conclude that
|®(T)|| = ||T|. It remans to show that ® is surjective,
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To show that ® is surjective, let T; € LM(K(H)) and x € H.
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To show that & is surjective, let T; € LM(K(H)) and x € H. By Lemma
1.10, choose 0 < o < 1/2 such that 3a > 1, x = {(x, x)® and

(6:€) = (x, )72

Huaxin Lin Department of Mathematics East Introduction to Hilbert C*-modules 15 / 40



To show that & is surjective, let T; € LM(K(H)) and x € H. By Lemma
1.10, choose 0 < o < 1/2 such that 3a > 1, x = {(x, x)® and

(6:€) = (x, )72

Huaxin Lin Department of Mathematics East Introduction to Hilbert C*-modules 15 / 40



To show that & is surjective, let T; € LM(K(H)) and x € H. By Lemma
1.10, choose 0 < o < 1/2 such that 3a > 1, x = {(x, x)® and
(€,6) = (x,x)172% Set ¢ = &(x,x)**~! and, for any b € A,
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To show that & is surjective, let T; € LM(K(H)) and x € H. By Lemma
1.10, choose 0 < av < 1/2 such that 3a > 1, x = £(x, x)* and

(€,6) = (x,x)172% Set ¢ = &(x,x)**~! and, for any b € A,

n = &(x, x)3"1pp*.
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To show that & is surjective, let T; € LM(K(H)) and x € H. By Lemma
1.10, choose 0 < av < 1/2 such that 3o > 1, x = £(x, x)* and

(€,6) = (x,x)172% Set ¢ = &(x,x)**~! and, for any b € A,

n = &(x, x)3¢=1pb*. Then, for any y € H,

Oux(y) = x(x,y) =&, )€, y) =E06x) (L)
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Moreover, 1(T1) is a linear map on H.
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Moreover, 1(T1) is a linear map on H. We also have that
T19Xb7xb(Xb) = T19£7£ o 9§7U(Xb)
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Hence 9575 e} 95’4 = ex,m be,xb = 05,5 o 05777, and
T10xx(x) = Tibe g 0 Oc c(x) = Tabge(E)(x, x)>*.
Define ( since 3o — 1 > 1, the limit converges in norm)

(T)(x) = lim (i) ([, 2) +1/n] 7 = (T ) (€)x, 20>

Moreover, ¥)(T1) is a linear map on H. We also have that
T10sbxb(xb) = T1bg ¢ 0 Oc y(xb) = T ¢(§){x, x)* " b{xb, xb).
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Hence ¢ ¢ © 0c.c = Oxx;, Oxbxb = b © O, and
T10xx(x) = T10¢ ¢ 0 Og ¢ (x) = T10¢ ¢(€)(x, x)3%.
Define ( since 3a — 1 > 1, the limit converges in norm)

Y(T1)(x) = lim (T1b)(3)[(x, x) +1/n] 7" = (Tafe)(€) (x, %)

Moreover, ¥(T1) is a linear map on H. We also have that
Tlexb’xb(xb) = Tlgg’g (¢} 9577](Xb) = T19§7§(f)<x,X>3O‘_1b<xb,xb). It follows
that (using 3a — 1 > 0 again)

Q,[)(Tl)(Xb) = n"_}”;o( T10Xb7xb)(Xb)[<va Xb> + 1/”]_1
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Hence ¢ ¢ © 0c.c = Oxx;, Oxbxb = b © O, and
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that (using 3a — 1 > 0 again)

B(TL)(b) = Tim (Tabup, ) (xb)[(xb xb) + 1/] "+ = (Ta ) () (x, ) b
Thus (T1)(xb) = ¥(T1)(x)b for all b € A,
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Thus ¢(T1)(xb) = (T1)(x)b for all b € A, whence 1(T1) is a module
map.
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Hence 0¢ ¢ 0 O ¢ = Ox x, Oxbxb = Og ¢ © O¢ 5, and

T10xx(x) = T10¢ ¢ 0 Og ¢ (x) = T10¢ ¢(€)(x, x)3%.
Define ( since 3a — 1 > 1, the limit converges in norm)

Y(T1)(x) = lim (T1b)(3)[(x, x) +1/n] 7" = (Tafe)(€) (x, %)

Moreover, ¥(T1) is a linear map on H. We also have that
Tlexb’xb(xb) = T19§’§ (¢} 95777(Xb) = T19§’§(€)<X,X>3a—1b<Xb,Xb>. It follows
that (using 3a — 1 > 0 again)

U(T2)(xb) = lim (T26r0) (x)[(xb, b} + 1/] " = (Tabe )(E) (x20* b
Thus ¢(T1)(xb) = (T1)(x)b for all b € A, whence 1(T1) is a module

map.
Next we estimate that (3a > 1)

lo(T)(x)]| = ||(T19£7£)(£)<X’X>3o¢—1”
< ITabeelletx )7 = ITalllgll x>~

Let @« — 1/2. We obtain that

[T < I Talll]l-
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Next we estimate that (3a > 1)

[T = (Tabee) () x>
< ITaBeell€te 0™ = [ Tall€]Pllx, x)22 2]

Let & — 1/2. We obtain that

[T CI < I Tallllx]l-
It follows that ¥)(T1) is a bounded module map and ||¢(T1)|| < || T1]|-
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To show the surjectivity of ¢,
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To show the surjectivity of @, it suffices to show that ®(¢(T1))(k) = T1k
for all k € K(H).
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To show the surjectivity of @, it suffices to show that ®(¢(T1))(k) = T1k
for all k € K(H). Since ¥(T1)0x,y = Oy(11)(x),y for all x,y € H, it is
enough to show that T16x, = 0y (1,)(x),, for all x,y € H. With notation
above, let w = &(x, x)? with 8 = (3a — 1)/3. Then , for any y € H,

ew,w o HW,X(y)
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To show the surjectivity of @, it suffices to show that ®(¢(T1))(k) = T1k
for all k € K(H). Since ¥(T1)0x,y = Oy(11)(x),y for all x,y € H, it is
enough to show that T16x, = 0y (1,)(x),, for all x,y € H. With notation
above, let w = &(x, x)? with 8 = (3a — 1)/3. Then , for any y € H,

Buw © O x(y) = E0x, )% (w, w)(x, y) = €(x, x)%(x, y)
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enough to show that T16x, = 0y (1,)(x),, for all x,y € H. With notation
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To show the surjectivity of @, it suffices to show that ®(¢(T1))(k) = T1k
for all k € K(H). Since ¥(T1)0x,y = Oy(11)(x),y for all x,y € H, it is
enough to show that T16x, = 0y (1,)(x),, for all x,y € H. With notation
above, let w = &(x, x)? with 8 = (3a — 1)/3. Then , for any y € H,

B © Gux(y) = E0x, )% (W, w) (x,y) = €0, x)%(x,y) = x{x, ).

Hence 0w © Oy x = Ox x.

i
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To show the surjectivity of @, it suffices to show that ®(¢(T1))(k) = T1k
for all k € K(H). Since ¥(T1)0x,y = Oy(11)(x),y for all x,y € H, it is
enough to show that T16x, = 0y (1,)(x),, for all x,y € H. With notation
above, let w = &(x, x)? with 8 = (3a — 1)/3. Then , for any y € H,

Ow,w © O x(y) = £, )P (w, w)(x,y) = E(x, )% (x,¥) = x(x,y).
Hence 0, © 0y x = 0x x. We also have

lim T160u,w(w)(x, x)((x,x) + 1/n)~*

n—oo
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for all k € K(H). Since ¥(T1)0x,y = Oy(11)(x),y for all x,y € H, it is
enough to show that T16x, = 0y (1,)(x),, for all x,y € H. With notation
above, let w = &(x, x)? with 8 = (3a — 1)/3. Then , for any y € H,

Ow,w © O x(y) = £, )P (w, w)(x,y) = E(x, )% (x,¥) = x(x,y).
Hence 0, © 0y x = 0x x. We also have

lim T160 (W) (x,x)((x, x) +1/n)"F = T160,,(w) (e0.12)

n—oo

in norm.
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(e0.13)
= lim 07,0, ) (0w () () 41/n)-1y  (0.14)
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= (00 (w)y
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Therefore

Opryeay = Jim Omoeon+i/m -ty (e0.17)
= M 0(710,.)0wx()(x0+1/m Ly (€0.18)
= lim 07y, (w) () () +1/m-1y  (€0.19)

( )

- 9(T19W,W)(w),y‘ e0.20
On the other hand,

T10x,
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On the other hand,

Tlex,y = (T19W7W)0W7y = 9T16W,W)(w),y'

It follows that T10x, = 0y (1y)(x),y for all x,y € H.
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On the other hand,
Tlex,y = (T19W7W)0W7y = 9T16W,W)(w),y'

It follows that T16x y = 0y(7,)(x),y for all x,y € H. Consequently & is
surjective.
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Therefore

Oy = n“_U;O9(Tlex,x(x)(<x,x>+1/n)—1,y (e0.17)
= lim 0710, .)(0w () ((xx)41/m) 1y (€0.18)
= M 070, )W) xx)(xx)+1/m -1y (€0.19)

( )

= 9(T19w,w)(w),y' e0.20

On the other hand,
T10xy = (T10w,w)0w,y = 0100 (W),

It follows that 710, , = 9¢(7—1)(X)7y for all x,y € H. Consequently ¢ is
surjective. Therefore ® is an isometric isomorphism from the Banach
algebra B(H)
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surjective. Therefore ® is an isometric isomorphism from the Banach
algebra B(H) onto the Banach algebra LM(K(H)). Note that
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Oy = n“_U;O9(Tlex,x(x)(<x,x>+1/n)—1,y (e0.17)
= lim 0(716,.)0u () ((x)+1/m)1y  (€0.18)
= lim 0(mi0,.,) ) (x)+1/m-1y  (€0.19)
= O(Ta0uw)(w).y- (0.20)

On the other hand,

T10xy = (T10w,w)0w,y = 0100 (W),

It follows that 710, , = H¢(7—1)(X),y for all x,y € H. Consequently ¢ is
surjective. Therefore ® is an isometric isomorphism from the Banach
algebra B(H) onto the Banach algebra LM(K(H)). Note that
®|k(Hy = idk(H)- It is also clear that @[, (4 is the same map given by
Kasparov.
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Lemma 1.14
Let H be a Hilbert A-module and x € H. Suppose that ¢ € H:. Then
there exists a sequence {C,} in xA such that

(Cns Cn)(x) = B(x) (e0.21)

in norm as k — oo.

Proof: Let U : xA — R = (x,x)A be the Hilbert A-module
isomomorphism. Recall that U(y)*U(z) = (y, z) for all y, z € xA. Choose
0 < ap < apy1 <1, ne N such that o, / 1/2. By Proposition 1.10,
there are x, € xA with ||x,| < ||(x,x)1/2=%|| such that x = x,(x, x)®7,

n € N. Note that ¢(x) = ¢(x,){x, x)*" for all n € N. Hence

B(xn) (x, x)/%2 = $(x), as n— oo, (e0.22)

in norm. Put y, = x,(x, x)¥/", n € N. Then ¢(y,) = é(xn)({x, x)¥/" € R*.
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Let U: xA — R = (x, x)A be the Hilbert A-module isomomorphism.
Recall that U(y)*U(z) = (y, z) for all y, z € xA. Choose

0 < ap < apy1 <1, n € N such that a, / 1/2. By Proposition 1.10,
there are x, € xA with ||x,| < ||(x,x)1/2=%|| such that x = x,(x, x)®",
n € N. Note that ¢(x) = ¢(x,)(x,x)* for all n € N. Hence

B(xn)(x, x)? = p(x), as n— oo, (e0.23)
in norm. Put y, = x,(x, x)¥/", n € N. Then ¢(y,) = ¢(xn)({x, x)¥/" € R*.
Moreover
B(¥n) (X, )" = () (x, ) T = (x).
in norm. Put v, = ¢(y,)* € R. for all n € N. Let z, = U™1(v,). Then,
(zn,x<x,x>1/"> = V:<X,X>1/2+1/n — ¢(x).
By Lemma 1.12,
(zny x) = &(x). (e0.24)

By Lemma 1.10, for each m € N, we write z, = &n,m(2n, zn)®™ for some
Enm € XA, where (Ep m, Enm) = (2n, 20) 172%™ n,m € N. Let
Wnm = gn,m<znazn>1/2ma m e N.
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Put v, = ¢(yn)* € R. for all n € N. Let z, = U"1(v,). Then,
(zn, x(x, X)) = v (x, OMZT™ s 6(x).
By Lemma 1.12,
(zn,x) = ¢(x). (e0.25)
By Lemma 1.10, for each m € N, we write z, = &, m(2zp, z,)*™ for some
Enm € XA, where (Enm, Enm) = (20, 20)2 2% n,m € N. Let
Wnm = 5,,7,,,(2,,,2,,>1/2’"7 m € N. Then, for fixed n,

>1—am+1/m 1-2am+1/m

= Zn <Zna Zn>

Note that limpy 00 1 — 200, + 1/m = 0. By Lemma 1.12,
Zp(Wn,m, Wn,m) — Zp as m — oo. Therefore, there exists a subsequence
{m(n)} such that

Zn<Wn,ma Wn,m> = 5n,m<zn7 Zn

<Wn,m(n)7 Wn,m(n)><zn7x> - (;5(X)
Hence

lim <Wn,m(n)7 Wn,m(n)>¢(x) = ¢(X)

n—oo

Put ¢ = Wy m(n)- Then (, € XA which meets the requirements.
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Theorem1.14 Let A be a C*-algebra and H be a Hilbert A-module. Then
there exists an isometric linear map ®1 from B(H, H*) onto QM(K (H)).
Moreover, the restriction of 1 on B(H) is the map described in Theorem
1.13.

Proof: Recall that H is a Banach A-module with ¢ - a(x) = a*¢(x) for all
x € H and a € A. Denote by F(H) the linear span of rank one module
maps of the form 6, , (x,y € H). Recall also that K(H) is the closure of
F(H). Define a map ®; : B(H, H*) — QM(K(H)) by

Oxry ®1(T)bxy = O y(T(x)(y) for all T € B(H,H*)  (e0.26)

for any x,y,x",y’ € H. (recall that T(x)(y’) € A). Extend ®1(T) linearly
to a map of the form F(H) x F(H) — F(H).

Suppose that ||x|| < 1 and x = {(x,x)® forsome 0 < 1/3 < a < 1/2 as
given by Lemma 1.10, where ¢ € xA. Set w = £(x, x)% for some

0 < § < 1/2. In the next estimates, we will use the inequality

(TW)N(TW)) < ITW)IPY,y).-
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For y,z € H and a € A, we have

[0 Y(T)()) (Z)H2

= [{z )TN XN T )y 2)l

= [[{z, ), ) (TN K XN T(W)()) (x, )2y, 2)l]

< DT ) P I xx) (y, 2)11

= [ (V2T (W) (T W) )X D2 Gx, %)y, 2) 2

< ITW) PRI Y2y ) X2 1106 )y 202, y) ()7
< ITW)IPIH X2y ) 211060y, ) 2P 2] 2. (e0.27)

Let 6 — 0. We obtain (with ||x|| < 1)
10,y (T @I < ITI, XDY2y )21 %, )y, )2 2]
Then, let & — 1/2. We further obtain
[0xr,y ®1(T)Oxy | < (TN 1Ex [ Ox.y (e0.28)

for all x,y,x",y’ € H.

Huaxin Lin Department of Mathematics East Introduction to Hilbert C*-modules 24 / 40



We then uniquely extend a map ®1(T) : K(H) x K(H) — K(H) which
defines a quasi-multiplier of K(H) and ||®1(T)|| < || T|| for all

T € B(H, H*). To see that ||®1(T)|| = || T||, we assume that

X1 Ay Il < 1. Put ¢ = y(T(x)(y") and ¢ = v(¢, () for some

1/3 < a < 1/2, where v € (A and (v, v) = ((, ()} 2. For n > 0, choose
X' = v (¢, O/ IIv{C, )"l Then [|x'|| < 1. Note that

K x)= (v v (G OV O

yT(x)(y'

TR TR )
= TR0, yT )20 (2029)
(RO AT
(GODRRIGOD) e
It follows that
(XN TEI) N TE) = (e031)
(TGO )y, T ) () (e0.32)

asn—0and o — 1/2.
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We have, by (e0.31), when § — 0 and a — 1/2,

[0xy ®1(T)0xyll = N0 y100 ]
= [ XD2TO)) ) (TN
= Iy 2T (e0.33)

For any € > 0, there are x,y’ € H with ||x|| <1 and ||y’|| <1 such that
ITCAOI > TN —e/2. (0.34)

Then, by (e0.33), for sufficiently small 6 and « close to 1/2, by applying
Lemma 1.10 and by choosing a y in the unit ball of H properly

”‘9X’,y’¢1(T)0x,yH > ||T| —e (e0.35)

This implies that ||®1(T)|| = || T||. So ®; is an isometry from B(H, H%).
Next we will show that ®; is surjective. Let T1 € QM(K(H)). For any

k € K(H), we have k- T1 € LM(K(H)). For x,y € H, write y = & (y, y)“
(for some 1/3 < a < 1/2) with (&1,&1) = (y, y)172% and define

(= &ly,y)2 2
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We verify that, for any u € H,

O 06 (u) = (G, &), u) =&y, ) Ny, ) 722, u)
= &y, y)* (&, u) = yly, u). (e0.36)

In other words, 9(1741951,51 = 0y7y.
Let ¢ be the same notation used in the proof of Theorem 1.13. Define

(¥1(T)) () = lim (W0, T1)(x),¥)({y:y) +1/n) 7
= n“;goww@ Al T1)(x),y)({y,y) +1/n)7"  (e0.37)
Tim (0, ¢, )06 T1)(x). ) ({y,¥) +1/n)71 (€0.38)
= lim ((0e.6, T)(x), 0. )y y) +1/n) 7" (0.39)
= lim (1(0g,.&, T1)(x), 1) {C1.¥) ({y,y) +1/m) 7 (e0.40)
= lim (¥(0e.6, T)(x). €) (. »)**({y.y) +1/m) ™" (e0.41)
= (0.6 T1)(X), )y, y)>* 7T (e0.42)

(converges in norm as 3a — 1 > 0).
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This shows that, for any x € H, 11(T1)(x) is a linear map from H to A. If
we choose ||y|| = 1, then, by (?7?), we have

12 (T)CIWI = (0.6 TL)(x) €0y, )M (e0.43)
< 9O TOIIXI < 10ee Talllxl < [ITalllix]l- - (e0.44)

This shows that 1(T1) is a bounded linear map from H to H%. As in the
proof of Theorem 1.13, in fact, it is a bounded module map in B(H, H*).
To show that @ is surjective, we need to show that ®1(¢1(T1)) = T1. It
then suffices to show that 0, x T10x,y = O, ,(yy(T1)(x)(")) TOr

T1 € QM(K(H)) and x,y,x",y" € H. With 1/3 < a < 1/2, we keep write
x = &(x,x)® as above, and y' = &'{y’, y"V* with (¢/, &) = (y/,y/)172%, Set
wi = E(x,x)*" /3 and wo = €'(y’, y')*~1/2. From the proof of Theorem
1.13 (see (e0.12)) we know that, for S € LM(K(H)),

P(S)(x) = SOy wy (w1). Hence

O y(en(T)() ) = M O yio, Ty +1/m-1 (€0.45)

n—o00

= lim GX/,yWJ(@W,WT1)(X),W>(y',y>[<y’,y’>+1/n]_1 (6046)

n—oo
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Hence

O y(a(T)0) = M O y(0,0 Ty 1y ") +1/n]) 2
=M Oy (O T ) W) Gy ") 41/ )
= Oy (O T1) () ) (e0.47)

On the other hand,

Oxr,y TOx,y = 05 woOwz,wo T10w w1 Oy = 9X’,y<9w2,w2 T160wy,wq (w1),w2) -

Thus ex’y’ Tl‘gx,y = GX,,y(wl(Tl)(X)(y/). It follows ¢1(¢1(T1)) = T1 and ¢1
is surjective. Note also that the restriction of ®1 on L(H) is ® defined in
Theorem 1.13.
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Examples

Let A be a unital C*-algebra which has a sequence of positive elements
{dn} such that ||d,|| =1 and d;jd; =0 if i # j.
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Examples

Let A be a unital C*-algebra which has a sequence of positive elements

{dn} such that ||d,|| =1 and d;d; =0 if i #j. We have shown that there
is f € Hy but f & Ha.
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Examples

Let A be a unital C*-algebra which has a sequence of positive elements
{dn} such that ||d,|| =1 and d;d; =0 if i #j. We have shown that there

is f € HB\ but f ¢ Ha. Choose e € Ha with e = {a,}, where a; = 14,
ap,=0ifn>1.
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Let A be a unital C*-algebra which has a sequence of positive elements
{dn} such that ||d,|| =1 and d;d; =0 if i #j. We have shown that there
is fe HE\ but f ¢ Ha. Choose e € Ha with e = {a,}, where a; = 14,
ap=0if n>1. Define T € B(Ha) by T(x) = ef(x) for all x € Ha.
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is f € HB\ but f ¢ Ha. Choose e € Ha with e = {a,}, where a; = 14,

ap=0if n>1. Define T € B(Ha) by T(x) = ef(x) for all x € Ha.
Then T has no adjoint.
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is fe HE\ but f ¢ Ha. Choose e € Ha with e = {a,}, where a; = 14,
ap=0if n>1. Define T € B(Ha) by T(x) = ef(x) for all x € Ha.
Then T has no adjoint. In other words, T & L(Hp). Consequently
LM(K(Ha)) # M(K(Ha)), or B(Ha) # L(Ha).
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Examples

Let A be a unital C*-algebra which has a sequence of positive elements
{dn} such that ||d,|| =1 and d;d; =0 if i #j. We have shown that there
is fe HE\ but f ¢ Ha. Choose e € Ha with e = {a,}, where a; = 14,
ap=0if n>1. Define T € B(Ha) by T(x) = ef(x) for all x € Ha.
Then T has no adjoint. In other words, T & L(Hp). Consequently
LM(K(Ha)) # M(K(Ha)), or B(Ha) # L(Ha).

To see T has no adjoint, assume that there is a bounded module map

T € L(HA)
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Examples

Let A be a unital C*-algebra which has a sequence of positive elements
{dn} such that ||d,|| =1 and d;d; =0 if i #j. We have shown that there
is fe HE\ but f ¢ Ha. Choose e € Ha with e = {a,}, where a; = 14,
ap=0if n>1. Define T € B(Ha) by T(x) = ef(x) for all x € Ha.
Then T has no adjoint. In other words, T & L(Hp). Consequently
LM(K(Ha)) # M(K(Ha)), or B(Ha) # L(Ha).

To see T has no adjoint, assume that there is a bounded module map

T* € L(Ha) such that

(T(x),e) = (x, T*(e)) for all x,y € Ha.
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Examples

Let A be a unital C*-algebra which has a sequence of positive elements
{dn} such that ||d,|| =1 and d;d; =0 if i #j. We have shown that there
is fe HE\ but f ¢ Ha. Choose e € Ha with e = {a,}, where a; = 14,
ap=0if n>1. Define T € B(Ha) by T(x) = ef(x) for all x € Ha.
Then T has no adjoint. In other words, T & L(Hp). Consequently
LM(K(Ha)) # M(K(Ha)), or B(Ha) # L(Ha).

To see T has no adjoint, assume that there is a bounded module map

T* € L(Ha) such that

(T(x),e) = (x, T*(e)) for all x,y € Ha.

Put ¢ = T*(e).
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Examples

Let A be a unital C*-algebra which has a sequence of positive elements
{dn} such that ||d,|| =1 and d;d; =0 if i #j. We have shown that there
is fe HE\ but f ¢ Ha. Choose e € Ha with e = {a,}, where a; = 14,
ap=0if n>1. Define T € B(Ha) by T(x) = ef(x) for all x € Ha.
Then T has no adjoint. In other words, T & L(Hp). Consequently
LM(K(Ha)) # M(K(Ha)), or B(Ha) # L(Ha).

To see T has no adjoint, assume that there is a bounded module map

T* € L(Ha) such that

(T(x),e) = (x, T*(e)) for all x,y € Ha.
Put { = T*(e). Then for all x € Ha,

(x; ¢)
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Examples

Let A be a unital C*-algebra which has a sequence of positive elements
{dn} such that ||d,|| =1 and d;d; =0 if i #j. We have shown that there
is fe HE\ but f ¢ Ha. Choose e € Ha with e = {a,}, where a; = 14,
ap=0if n>1. Define T € B(Ha) by T(x) = ef(x) for all x € Ha.
Then T has no adjoint. In other words, T & L(Hp). Consequently
LM(K(Ha)) # M(K(Ha)), or B(Ha) # L(Ha).

To see T has no adjoint, assume that there is a bounded module map

T* € L(Ha) such that

(T(x),e) = (x, T*(e)) for all x,y € Ha.
Put { = T*(e). Then for all x € Ha,

(X, Q) = (x, T"(e)) =
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Examples

Let A be a unital C*-algebra which has a sequence of positive elements
{dn} such that ||d,|| =1 and d;d; =0 if i #j. We have shown that there
is fe HE\ but f ¢ Ha. Choose e € Ha with e = {a,}, where a; = 14,
ap=0if n>1. Define T € B(Ha) by T(x) = ef(x) for all x € Ha.
Then T has no adjoint. In other words, T & L(Hp). Consequently
LM(K(Ha)) # M(K(Ha)), or B(Ha) # L(Ha).

To see T has no adjoint, assume that there is a bounded module map

T* € L(Ha) such that

(T(x),e) = (x, T*(e)) for all x,y € Ha.
Put { = T*(e). Then for all x € Ha,

(X Q) = {x, T*(e)) = (T(x),e) = f(x)"(e, &). = F(x)".
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Examples

Let A be a unital C*-algebra which has a sequence of positive elements
{dn} such that ||d,|| =1 and d;d; =0 if i #j. We have shown that there
is fe HE\ but f ¢ Ha. Choose e € Ha with e = {a,}, where a; = 14,
ap=0if n>1. Define T € B(Ha) by T(x) = ef(x) for all x € Ha.
Then T has no adjoint. In other words, T & L(Hp). Consequently
LM(K(Ha)) # M(K(Ha)), or B(Ha) # L(Ha).

To see T has no adjoint, assume that there is a bounded module map

T* € L(Ha) such that

(T(x),e) = (x, T*(e)) for all x,y € Ha.
Put { = T*(e). Then for all x € Ha,
X Q) = (x, T*(e)) = (T(x), &) = f(x)"(e; e). = f(x)".
In other words, f(x) = ((, x) for all x € Ha.
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Examples

Let A be a unital C*-algebra which has a sequence of positive elements
{dn} such that ||d,|| =1 and d;d; =0 if i #j. We have shown that there
is fe HE\ but f ¢ Ha. Choose e € Ha with e = {a,}, where a; = 14,
ap=0if n>1. Define T € B(Ha) by T(x) = ef(x) for all x € Ha.
Then T has no adjoint. In other words, T & L(Hp). Consequently
LM(K(Ha)) # M(K(Ha)), or B(Ha) # L(Ha).

To see T has no adjoint, assume that there is a bounded module map

T* € L(Ha) such that

(T(x),e) = (x, T*(e)) for all x,y € Ha.
Put { = T*(e). Then for all x € Ha,
X Q) = (x, T*(e)) = (T(x), &) = f(x)"(e; e). = f(x)".
In other words, f(x) = (, x) for all x € Ha. A contradiction.
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Q: When are B(H) = L(H)?
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Q: When are B(H) = L(H)? (or M(B) = LM(B)?)
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Q: When are B(H) = L(H)? (or M(B) = LM(B)?)
Proposition

Let A be a separable C*-algebra and H = I?(A). Then B(H) = L(H) if
and only if A is separable and dual.
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Q: When are B(H) = L(H)? (or M(B) = LM(B)?)
Proposition

Let A be a separable C*-algebra and H = I?(A). Then B(H) = L(H) if
and only if A is separable and dual.

A C*-algebra C is a dual C*-algebra, if C = @&°°;C,, where C, = K, or
Ch = M, () for some r(n) € N, or C, = {0}.
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Q: When are B(H) = L(H)? (or M(B) = LM(B)?)
Proposition

Let A be a separable C*-algebra and H = I?(A). Then B(H) = L(H) if
and only if A is separable and dual.

A C*-algebra C is a dual C*-algebra, if C = @&°°;C,, where C, = K, or
Ch = M, () for some r(n) € N, or C, = {0}.

Example:

(1) If Ais unital, then A= M(A) = LM(A) = QM(A).
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Q: When are B(H) = L(H)? (or M(B) = LM(B)?)
Proposition

Let A be a separable C*-algebra and H = I?(A). Then B(H) = L(H) if
and only if A is separable and dual.

A C*-algebra C is a dual C*-algebra, if C = @&°°;C,, where C, = K, or
Ch = M, () for some r(n) € N, or C, = {0}.

Example:

(1) If A is unital, then A= M(A) = LM(A) = QM(A).

(2) Let A be a commutative C*-algebra. Then M(A) = LM(A) = QM(A).
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Q: When are B(H) = L(H)? (or M(B) = LM(B)?)
Proposition

Let A be a separable C*-algebra and H = I?(A). Then B(H) = L(H) if
and only if A is separable and dual.

A C*-algebra C is a dual C*-algebra, if C = @&°°;C,, where C, = K, or
Ch = M, () for some r(n) € N, or C, = {0}.

Example:

(1) If A is unital, then A= M(A) = LM(A) = QM(A).

(2) Let A be a commutative C*-algebra. Then M(A) = LM(A) = QM(A).

(3) If M(C) = LM(C), and B = M,(C), LM(B) = M(B).
(4) Let A be a non-unital but o-unital simple C*-algebra.
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Q: When are B(H) = L(H)? (or M(B) = LM(B)?)
Proposition

Let A be a separable C*-algebra and H = I?(A). Then B(H) = L(H) if
and only if A is separable and dual.

A C*-algebra C is a dual C*-algebra, if C = @&°°;C,, where C, = K, or
Ch = M, () for some r(n) € N, or C, = {0}.

Example:

(1) If A is unital, then A= M(A) = LM(A) = QM(A).

(2) Let A be a commutative C*-algebra. Then M(A) = LM(A) = QM(A).

(3) If M(C) = LM(C), and B = M,(C), LM(B) = M(B).

(4) Let A be a non-unital but o-unital simple C*-algebra. Then
M(A) = LM(A) if and only if A is elementary.
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What is the relationship between LM(A) and QM(A)?
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What is the relationship between LM(A) and QM(A)?
Note that RM(A) = LM(A)*.

o = = £ DA
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What is the relationship between LM(A) and QM(A)?
Note that RM(A) = LM(A)*.

Theorem (HL-1986)
Let A be a separable and stable C*-algebra.
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What is the relationship between LM(A) and QM(A)?
Note that RM(A) = LM(A)*.

Theorem (HL-1986)

Let A be a separable and stable C*-algebra. Then
LM(A) + RM(A) = QM(A)
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What is the relationship between LM(A) and QM(A)?
Note that RM(A) = LM(A)*.

Theorem (HL-1986)

Let A be a separable and stable C*-algebra. Then

LM(A) + RM(A) = QM(A) if and only if A has a finite composition
series with dual quotients:
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What is the relationship between LM(A) and QM(A)?
Note that RM(A) = LM(A)*.

Theorem (HL-1986)

Let A be a separable and stable C*-algebra. Then

LM(A) + RM(A) = QM(A) if and only if A has a finite composition
series with dual quotients: i.e. there are ideals

O=h<h<---<l1<xl,=A
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What is the relationship between LM(A) and QM(A)?
Note that RM(A) = LM(A)*.

Theorem (HL-1986)

Let A be a separable and stable C*-algebra. Then

LM(A) + RM(A) = QM(A) if and only if A has a finite composition
series with dual quotients: i.e. there are ideals

O=h<h<---<l1<xl,=A

such that l;11/1; is a dual C*-algebra, i =0,1,...,n— 1.
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